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Summary
It is possible to write the continuous-time IMU kinematics in the form
T = GT + TU, (1)

which is a matrix-valued ODE linear in T € SF5(3). Assuming that G, U are constant, this ODE can be integrated
exactly to produce the following discretization scheme,

Tj. = exp(AtG)T exp(AtU) (2)
£ Gpo1Tr—1Ug_1. 3)

Not only is this extremely compact and tractable, but we have also gotten rid of a typical assumption: that the
IMU attitude is constant over the integration interval At. Left- and right-Jacobian derivations also become greatly
simplified, and the left-Jacobian is fully independent of the state and input, including biases.

The biggest gain occurs during preintegration. Pages of algebra are replaced with a single step, obtained by directly

iterating (3)
j—1 j—1
T; = (H Gk> T; (H Uk) : €
k=i k=i

and the result is far more tractable than [1].
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1 Introduction

The typical roboticist is familiar with the somewhat cumbersome, nonlinear kinematic equations that relate IMU
measurements to the rate of change of a body’s position, velocity, and attitude,

Cap(t) = Cap(t) (wp ()", (5)
VEU/(t) = Cap(t)ap(t) + ga, (6)
e2U(t) = Vi), (7)

where wy, a; denote the gyroscope and accelerometer measurements, respectively, without any bias or noise. These
equations must be discretized for any practical use. Lightening the notation, the standard discretization scheme used
throughout the literature [1] is the following':

Cj = Cj_1 exp(Atwy,_,), (8)

Vi = Vi_1 + Atg + AtCr_1a,_1, 9)
At?

Iy =Ty 1+ Atvg_ “"T(g‘i‘ckflakfl)- (10

Such a discretization involves two assumptions: 1) that the body-frame acceleration and angular velocity are held
constant over the integration interval At and 2) that the body attitude C(¢) is also constant over this interval. For IMUs
with high rates relative to their motion profile, these assumptions have been shown to be appropriate.

Extended poses of the form

C vor
T=| 0 1 0 | €SE3) 11
0 0 1

have often been used to represent the collective attitude-position-velocity state. Writing a continuous-time process
model of the form T = F(T, u), has typically been done in a non-compact component form, effectively implementing
equations (8) - (10). This is not only cumbersome, but also requires the Jacobians, as well as preintegration, to be
computed in a non-compact form. The work in [2, 3] achieves something close with a discrete-time process model of
the form

Ty =T 10(Tr-1)Yr1 (12)

however, ¢(T) is still a function that operates on the internal components of T. This document will present the IMU
process model in a slightly different, simpler way, but for the large part achieving the same benefits as [2, 3].

2 Compact Form

The continuous time IMU kinematics can be written as

T = GT + TU (13)
Cw" Ca+g v 0 g 0 C vr C vr wh a 0
0 0 0l=]10 0 -1 0O 1 0|+ 0 1 O 0O 0 1. (14)
0 0 0 0 0 O 0 0 1 0 0 1 0O 0 0

The matrix G is always constant. The matrix U is only a function of the IMU measurements. Assuming that U

is constant between a small integration interval At between IMU measurements, the solution to (13) with initial
condition Tj_1 is

Ty = exp(AtG)Ty_1 exp(AtU) (15)

£ Gp1Tr—1Up_1. (16)

! The subscripts and superscripts have been omitted for readability.
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The matrices Gj_1, Ui—1 can be computed in closed form by a direct series expansion of the matrix exponential

1 Atg —(At?)2)g
Go,=|0 1 _At (17)
0 O 1

exp(Atw”) AtJ,(Atw)a (At?/2)N(Atw)a
U1 = 0 1 At (18)
0 0 1

where an expression for matrix N(-) is given in the appendix.

3 Process model Jacobians

3.1 With respect to the state
3.1.1 Right

The right Lie Jacobian of (16), with respect to the state, can be obtained by substiting perturbation definitions

Ty, exp(0€;) = Gr—1Ti—1 exp(d€;_1)Ur—1 (19)
exp(0€p) = T}, 'Gr—1Tr—1 Up—1 U exp(6€p_1)Uk—1 (20)

1
exp(6€7) = Ui, exp(€5_1)Us—1 @1)
6&, = Ad(U ' )€1 (22)

3.1.2 Left
Following an identical procedure, but perturbing on the left will yield the left Lie Jacobian, and one obtains
06k = Ad(Gp—1)0&x-1, (23)

which is constant, and independent of the state and input.

3.2 With respect to the input

Deriving the Jacobian with respect to the input is convenient, since both the noise and bias are simple additive quantities
to this input, the Jacobians with respect to both the noise and bias can be easily obtained once the Jacobian of the input
is known. However, this procedure is slightly more complicated than deriving the Jacobian with respect to the state,
since Ug_1 is not quite an element of S F(3). However, U _1 can be written as

10 0 exp(Atw”)  AtJy(Atw)a (At?/2)N(Atw)a

Ui1=1|0 1 At 0 1 0 (24)
0 0 1 0 0 1
Ak-1 Ur_1

where the matrix Aj_; is referred to as a “time machine” by [4], and ka_l now belongs to SF5(3). Defining the
input tobe u = [w' a|T the matrix Uy_; can be written as

R Atw
U1 = exp (v(ug_1)"), v(u) = Ata . (25)
(At2/2)J(Atw), 'N(Atw)a
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Following [4], it can be shown that v can be approximated as

At 0

v(u) ~ B+ 0 Al Pﬁ], 26)
At (Hal — 2 APW) SALTIN ,
¥ Su
W=w"a+w(w"a)" + (w"a)", (27)

where it should be noted that this is an approximation depending on the assumption of a small At, and that Y is
therefore not an exact Jacobian of v, but rather an approximation. Nevertheless, approximating v this way leads to

Us_1 = exp(v”) = exp(0") exp((J (=) Yéu)") (28)
(29)

where J () is the left-Jacobian of SFE5(3).

3.2.1 Right

Let w = [WgT W“T]T represent the IMU measurement noise. Since this quantity is simply additive to the IMU
measurements, Ju = dw. The right Lie jacobian is obtained by perturbing the process model on the right, as well as

the noise about a zero nominal value w = 0 + dw. This leads to

Ty exp(6€k) ~ Gr_1Tr—1A,_1 exp(vy_;) exp((T (—0p—1) X p—16Wi_1)") (30)
T
08r =~ T (—0k-1)Yp—10Wr_1, 3D
—_—
L1

where Lj,_; is the right Lie Jacobian of the process model with respect to the input.

3.2.2 Left

Following an identical procedure, but perturbing on the left will yield the left Lie Jacobian, and one obtains

551@ ~ Ad(Tk)kal(SWk,l. (32)

3.3 Incorporating Bias
It is common to model the presence of a subtractive bias on the IMU measurements such that
u=u—b+w"l (33)

where u represents the “nominal” IMU measurement (for which the actual sensor reading is used), b = [bgT b“T]T is
the IMU bias, and w™U ~ A/(0, Q™UY) is the noise associated with the IMU. One can easily obtain the Jacobian of
the IMU kinematics with respect to the bias by realizing that the bias is a simple subtractive quantity to the input, and
as such, perturbing only the bias,

5€), = —Lj_16bj_1 (right), (34)
5614: = —Ad(Tk)Lk,lébk,l (left). 35)
The bias is often jointly estimated with the extended pose, in which case the full problem state becomes x = (T, b) €

SFE5(3) x RC. The bias follows a random walk motion model, which is exactly discretized over a small interval with

by =br_1 + Athi_a? (36)
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where wbi#s ~ Af(0, QPi#%). Defining 6x = [5¢" db"]T, everything up until now can be summarized with the full
linearized discrete-time process model:

6& ] [ Ad(UY) —Lyy 0&k—1 Lg—1 0 wiMU .

[ by } - [ 0o 1 sy [T 0 an wl}%ij% (right) (37)
5 | [ Ad(Gr-1) —Ad(Tx)Lk_1 6€k_1 Ad(T,)Ly_; 0 wiMU

[ Sby } - [ 0 1 ] [ Sbg_1 ] * [ 0 Atl } [ whias | (efd. (38)

4 Preintegration

The compact form in (16) makes preintegration trivial, as two poses related at arbitrary times k£ = ¢ and k = j can be
related by

j—1 j—1
T, = (H Gk> T, <H Uk> , (39)
k=1 k=1
= AGijTiAUij (40)

which is obtained through direct iteration. Equation (40) will be referred to as the preintegrated process model. The
term AGy; is constant and does not depend on the state or measurements. The term AUj;; can be considered the
“relative motion increment” (RMI) generated from the IMU measurements.

4.1 Noise propagation
An uncertainty associated with this RMI can be defined such that
j—1
AUZ'J' = AﬁijEXp(Wij), where At]” = H AkEXp('f)), Wij ~ N(O,Qij), (41)
k=i
where v is defined in (25). The only remaining task is to determine the value of Q;; from the noise statistics at each

individual time step. As an intermediate step, consider a small perturbation to the IMU input ju. The RMI can be
expanded as

j—1

AU;; = [ [ ArExp(®)Exp(T Y kouy) (42)
k=i

-3
- (H AkExp(z‘;)Exp(..’Tka5Uk)>

P
X A 2Exp(v;—2) Exp(J;-2Y;20u; 2)A; 1Exp(v;-1) Exp(J;-1Y;-10u;—1)  (43)

AJ'71EXp(’Dj71)EXp(Ad(A(J]._jlj)Jj,Q‘rjfztslljfz)

(44)
j—1
= AU; [ [ Exp(Ad(AU, L ) Tk Y rdug) 45)
k=1
J—1
AT r—1
= AU;;Exp (Z Ad(AT;, +1j)J,;rk(suk), (46)
k=1

Wij
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where J, £ J;(—vy,). Substituting du;, = dwy, into (46) and expanding gives

R~ ZAd (AU ) TR X kdwy, (47)
= ZAd AU )T KX k0w + Ad(AUG) T 5116w (48)
1
j—2
= Ad(AU; ) > Ad(AUL )T kX ebwWi + T 51051 0w, 1. (49)
ki %/_/
2A5 4 £L; 4

This naturally leads to a recursive computation scheme,
Qi = AjleijflAjT;l +Lj71Qj—1LJT;1a (50)
which is initialized with Q;; = 0.

4.2 Incorporating bias

If the IMU biases b are being estimated in addition to the extended pose, then the state can be defined as x;, =
(Tx,bi) € SE2(3) x R® and the preintegration process must propagate uncertainty stemming from both the IMU
measurements and the bias random walk model. The state x; has 15 degrees of freedom (9 for the pose and 6 for the
bias), and hence a full 15 x 15 covariance matrix Q;; must be maintained when incrementing an RMI. The state x;,
can be preintegrated according to

(Tj, bj) = (AGZ]TlAU”, bl + Abij), Ab” Z Atwbldh (51)

where wPi#s is noise associated with the bias random walk. The term Ab;; can be thought of as a trivial equivalent of
an RMI, but for the bias, and has a mean of 0. One can therefore define an augmented increment Ax;; = (AU;;, Ab;;)
N(0,Q;;) defined such that

which will also have an uncertainty w;; = [w?fseT wfjlas N
Ax;j £ (AU Exp(wh™), Abg; + wpi®), (52)

and the overall task is now to compute Q;; as a function of the IMU noise and bias random walk noise. To this end,
consider a small bias perturbation éby, such that. The common assumption of constant IMU bias over the preintegration

period, that is b; = 6b;+1 = ... = db;_1, will be applied. Substituting du;, = SwiMY — &b, into (46) gives
Jj—1 j—1
AU;; ~ AU, Exp (Z Ad(AUL )T kX kow, + <Z —Ad(AU. ], j)Jk‘I‘k> (5b,»> : (53)
k=i k=i
Bi.7

where B;; has been defined as the bias Jacobian, and it is straightforward to build incrementally as measurements are
obtained since

j—1
B~ Y —Ad(AU. L, )Tk Yk (54)
k=1
j—2
= —Ad(AU,;llj)Jka.+—Ad(AUj_j1)Jj_1'I‘j_1 (55)
k=i R
j—2
= Ad(AU; 1)) > —AdAT )Tk Ye+-T ;101 (56)
LA = —Lj—1
’ Bij 1
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From (53), it is straightforward to show that

ose wpose IMU
Wi [ Ay Ly | { e } +[Lj1 0] [ Jblas } (57)
W’L] 1
and furthermore that WIMU T
whies = whias 1[0 Afl ] [ Jblas : (58)
There two results can be stacked to give
o | A L ij L;; 0 ][ wM/
Wij [ 0 [ R N N me ’ (59)

which can be used to compute to propagate the full 15 x 15 covariance matrix of w;;.

4.3 Prediction using RMI

A final step is to actually predict an extended pose and its covariance, given an RMI and its covariance. This is done
with the equation (51), which can be perturbed on both the left or right,

T, Exp(0¢;) = AG; T;Exp(6€;) AU Exp(wh™® + B;;5b;) (right), (60)
Exp(6€;)T; = AG;;Exp(6&;)T; AU, Exp(w! p"‘e + B;;6b;) (left), 61)
b; + db; = b; + b; + w}i*. (62)

A sequence of algebraic manipulations and first-order approximations then follows to yield the linearized preintegrated
discrete-time dynamics

! g . wPose
[ gﬁj } _ [ Ad(AOUij ) Blzg ] [ gﬁz ] + [ (1) (1) ] [ l_ali ] (right),  (63)
K3 ]—
- T ) whose
[ ggj } _ [ Ad(ﬁGw) Ad(Tl) ] [ gg ] n [ Ad(()TJ) ” { Jblas } ey, (64

which are both of the form 0x; = A;;0x; + L;;w;;. The covariance of the preintegrated pose and bias is then given by

P; = AP Al +L;Q;L] (65)
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Appendix

A Solution to linear matrix-valued ODE

Consider the matrix-valued ODE

X(t) = AX(t) + X(¢)B.

(66)

In the upcoming derivation, the vectorization operator x = vec(X) will be used, along with the following identities

vec(ABC) = (CT ® A)vec(B), (67)
vec(AB) = (1 ® A)vec(B) = (BT @ 1)vec(A), (68)
ADB=A®1+1®B, (69)
exp(A @ B) = exp(A) ® exp(B). (70)
The general solution to the ODE now follows as
x(t) = (1®A)+ (BT ®1))x(t) (71)
= (BT @ A)x(t) (72)
x(t) = exp((BT @ A)t)xo (73)
= (exp(BTt) ® exp(At))xo (74)
= vec (exp(At)Xg exp(Bt)), (75)
X(t) = exp(At)Xp exp(Bt). (76)
B Expression for the N matrix
The matrix N(-) is defined as
= 1
N(¢) =2 Ay 77
(¢) ;(n+2)!(¢) , (77)
B 1 1 o, 1 .2 1 ,3
—2<2!1+3!¢> +I¢ +a¢ +> (78)
and it can be shown that this is equivalent to
1 sing cos¢p — 1
N(¢) =aa' +2(= — Nyp2——— “ala", (79
(¢) ( R ) po
and N(0) = 1. In [4] it is apparently stated that a first-order approximation to N(¢) is given by
- - 1
N(¢ +d0) = N($) + 500" (50)
C Adjoint and inverse expressions for G;, U, matrices
The “increment matrices” Gy, Uy, are both of the form
C ab
X=|0 1 ¢ |€lE3) 81)
0 0 1
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where C € SO(3), and form a group under matrix multiplication. which is a group that will arbitrarily be called the
Incremental Euclidean group of dimension n, I E(n). The inverse of an element of I E(n) is given by

CT —C'a CT(ca—b)
X'=] o0 1 —c . (82)
0 0 1

The adjoint matrix of an arbitrary element of this group is defined in this document to be the unique matrix Ad(X)
such that
(Ad(X)E)" = Xg"X ! (83)

where €” is the belongs to the Lie algebra of SF5(3). Note that there is a subtle difference from the usual definition
of the adjoint matrix, which would require that £” belong to the Lie algebra of 1 F(3). Nevertheless, Ad(X) is given
by
C 0 0
Ad(X) = a’\C c o |. (84)
—(ca—b)"C —cC C

It is straightforward to show that the increment matrices Gy, Uy, therefore have the following inverses.

1 —Atg —(At?/2)g

G'=|0 1 At , (85)
0 0 1
[ QT —AtQ Ja A2QT(J, — N(Atw)a)

U.'=1] 0 1 —At (86)
0 0 1

where 2 = exp(Atw’).
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